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1. INTRODUCTION 
It is well known that if G and H are connected algebraic groups defined over 
a finite field GF(q) and 7~: G --j H is an isogeny, then G and H have the 
same number of rational points over GF(q). This gives an “explanation” of 
the fact that, for example, SL(n, 4) and PGL(n, 4) have the same order; 
one simply takes G as SL(n,P) and H as PSL(n,p), F being the algebraic 
closure of GF(Q). 
However there is evidence that finite groups which are isogenous (in the 
above sense) share properties other than their order. For example there 
appears to be a heuristic connection between the character theory of the 
adjoint group and the conjugacy classes of the simply connected group of 
given Lie type. 
In this paper the analogy is made explicit for groups of type A, and it is 
shown to lead among other things, to the result that the number of conjugacy 
classes of PGL(n, 4) is the same as the number of conjugacy classes of 
GL(n, 4) which are contained in SL(n, 4). The most surprising things about 
this result is that it appears not to have been known, and that to prove it, 
one actually works with the number of irreducible characters of one of the 
groups involved, and uses the author’s explicit parametrization of the 
irreducible characters of SL(n, p) [3]. 
In the final section of the paper, possible directions are indicated for 
obtaining a better understanding of the phenomena presented here. 
2. STATEMENT OF MAIN RESULT 
Throughout the paper G will denote the group GL(n, 4) of nonsingular 
matrices over GF@). For each divisor d of (4 - 1) we define the group 
S, = S,(G) as the unique subgroup of G of index d in G, which contains 
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SL(n, 4); S, is a normal subgroup of G. If e = (4 - 1)/d we write 
P, = P,(G) = S,(G)/&, , where 2, is the unique subgroup of order e of the 
center 2: of 6. It will be noticed that the groups P,(G) include ail the groups 
isogenous to SL(n, q) and that P,(G) = PGL(n, q) while I’,_,( 
DEFINITION. For any two divisors d, e or’ (q - I), the groups Pd(G) and 
P,(G) are said to be dual if de = q - 1. 
The group G acts by conjugation on the groups P, and the main result of 
this paper is the following. 
TkHXOREM A. If Pd and P, are dual, then G has the same number of orbits on 
P, and P, . 
COROLLARY A’. If GI and G, are $nite isogenous groups (see ~nt~aduct~o~) 
oj type A,-, , dual in the sense of corresponding to dual intermediate lattices 
between the lattice of weights and the lattice of YOO~S, then Gl and 6, have the 
same number of G-conjugacy classes, 
CQROLLARY A”. The number of conjugacy classes of BGL(n, q) is the 
as the number of GL(n, q)-conjugacy classes of SL(n, q). 
The proof of Theorem A depends on obtaining a parametrization of the 
G-orbits in Pd , and of a set of characters of Pd which form a basis for the set 
of G-class functions (i.e., complex functions constant on G-classes). This 
pair of sets of parameters, which both have the same cardinality, turns out 
to be the same for two groups P, and P, which are dual, and the theorem 
follows. To achieve the explicit parametrization of the characters, we depend 
extensively on the results of [3]. 
3. SOME IDENTIFICATIONS 
Let 47 = Fr denote the multiplicative group of the finite field GF(q). Let n 
be a fixed integer, and for each integer k > 0 write FrC for the m.ultiplicative 
group of GF($). We take K to be a fixed copy of I”;?! and regard Fk as a 
subgroup of K for each k < n. 
For each integer k > 0, let P, denote the complex character group of Fk * 
Suppose k and 1 are positive integers and k j 1. Tkhen F, < F, and we have 
a surjective homomorphism 
IV,,: FE -+ FR given by p H pR1”, where n tk = (q” - l)‘/(q” - l)* 
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Embed pk in @, , defining Ihl: 1’, ---f p’I by 
Us) = #(P”““> (#d > P ~Fz). 
In this way, we embed I’, in I? for each integer k with I < k < n. Write 
Ik: pk -+ i? for this embedding. 
LEMMA 3.1. The following diagram commutes fobr each pair of integers k, 1 
such that k / 1 
A 41 ^ 
Fk ----+Fz 
Proof. This is clear from the definitions. 
We thus have I’, embedded in & for each k \< n and for k, 1 < n with k / 1 
we have pk ,< pz . Moreover we have a surjection $ t-+ z+Pzk from P, to Fk. 
This surjection in fact is nothing more than restriction of characters as the 
next lemma asserts. 
LEMMA 3.2. For integers k, 1 with k 1 1, we have, under the above identaji- 
cations, that the surjection: # tt 4 rick f Yom pz to p/c is the same map as restriction 
of characters. 
Proof. Let # ~fl~ , Then 
hcz(~ IFkXP) = QYP”““) = 3L”YP) 
(where # Is denotes the restriction of # to Fk). Hence by Lemma 3.1, 
4cw IFJ = V”“, which proves the lemma. 
DEFINITION. (i) o denotes the frobenius map p t-+ pq on K, while 8 denotes 
the corresponding action on I?. 
(ii) An irreducible polynomial f over GF(q) will be identified with its set 
of roots in K, which form a a-orbit. If p is an element of this orbit, we write 
f= <P>- 
(iii) A simplex g over GF(q) is a &orbit in &. 
If * Eg, we write g = (#). 
We denote by F and 9 respectively, the set of irreducible polynomials 
and the set of simplexes over GF(q). By the degree of an irreducible polynomial, 
or of a simplex, we mean the cardinality of the orbit concerned. 
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Let B be the set of partitions, i.e., sequences v = (vl , V, ,..., v,) of positive 
integers V~ . Write j Y j = C; vi . The theory of Jordan canonical forms 
shows how a conjugacy class in 6(= @L(n, 9)) is given by a function 
h: 9 --f B which satisfies CffF / A(f)\ d(f) = TI, d(J) denoting the degree 
off. Let 0 be the set of such functions. 
Green [2] showed in 1955 how an irreducible complex character of G is 
given by a function A: CC? --j .9 which satisfies 
An account of how such a function determines an irreducible character may 
be found in [3], Section 3; the notation is taken from this source. We denote 
by r the set of all such functions. 
4. THE G-CLASSES OF Pd(G) 
In this section we obtain a parametrization, in terms of @“, of the G-orbits 
in P,(G) (Q of course acting by conjugation). 
Now S, ) which is the unique subgroup of index d in 6, can a!so be defined 
bY 
S, = {x E G 1 det x E ZJ, 
where det x denotes the determinant of X, and Z, is identified as the unique 
subgroup of Fr of order e, where & = (4 - 1)/d. 
Since the determinant of any two elements in a conjugacy class h E CD of 
the same, we can define a map 8: CD -+F, = Z(G), such that S(h) = det(x) 
where x is a representative of the class A. In fact if 1 is an irreducible 
polynomial, write S(f) for the product of the elements ofJ(i.e., “roots” off); 
then 6 is given by 
S(h) = )-j S(f)‘“‘f”. (4.1) 
fcF 
The G-classes of S, are simply those classes of G, which are contained 
in S, . Hence we have the following. 
LEMMA 4.2. The G-classes of S, aye parametrized by 
{A E CD 1 S(h) E 27,). 
The G-classes of Pd = S,/Z, will simply be equivalence sets of ciasses 
of S, , under the equivalence that h - p Q 3.z E Z8 such that AZ = p, and z 
acts by 
w? = h(x . f) (25 EFl ,“fEs-‘I). (4.3) 
282 G. I. LEHRER 
and if f = (p}, z *f is defined as (xp) which is an irreducible polynomial 
of the same degrees asf, since o(z) = z. 
We say that h, p E @ are Z,-equivalent if p = X2: for some x E Z, ; we denote 
the set of Z,-equivalence classes of @ by CD // 2, , and its elements by [X], . 
PROPOSITION 4.4. The G-classes of Pd are parametrized by 
@P(e) = Wle E @ // Z I W E &3. 
Proof. The condition 601) E 2, is invariant under Z,-equivalence in @, 
so that the set above is simply the set of Z,-classes of G-orbits in S, . Further 
since 2, is contained in the center of S, , two classes of S, coalesce in 
Pd + they are Z,-equivalent. This follows because the eigenvalues of the 
product of a pair of commuting matrices are the products in pairs of the 
eigenvalues of the factors. The result is now clear. 
5. THE G-CHARACTERS OF P,(G) 
To obtain the parametrization of a basis of the space %?o(PJ of complex- 
valued functions on the G-classes of P,(G) in terms of r we proceed, as in 
the case of Section 4, in two steps. A basis of the space %o(Sd) is parametrized 
by equivalence classes of irreducible characters of G, two characters being 
equivalent if they have the same restriction to S, . This restriction is a 
G-orbit of irreducible characters of S, , and consequently every constituent 
of the restriction takes the same values on the center of S, , which contains 2, . 
We therefore have 
PROPOSITION 5.1. A basis of the space U,(P,) is parametrized by equivalence 
classes of irreducible characters of G which have identity restriction to Z, , 
equivalent characters being those with the same restriction to Sd . 
Proof. The facts above follow from the observations that, firstly, two 
irreducible characters of G have either disjoint or identical restrictions to S, 
and this restriction is multiplicity free, and secondly, that the irreducible 
characters of S, which have identity restriction to Z, are precisely the 
pullbacks of the irreducible characters of Pd = S,/Z, . For details see [3], 
Section 4.1. 
In view of Proposition 5.1, we make explicit the notions of equivalence and 
of restriction to Z = Z(G) for irreducible characters h: B + B (see Section 2) 
of G. For equivalence, we find that Zd (identified with the unique subgroup 
of order d in $‘i) acts on r b y means of “parallel translation” 
(see [3, Section 5.11) in precisely the same way as Z, acts on di, and equivalence 
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is simply .Zd-equivalence. For the restriction to we define a function 
8: r -+ %‘I analogous to the determinant 6: CD ---f PI ) which turns out to give 
(modulo constant multiple) the restriction of an element of r to Z. 
PROPOSITION 5.2. (i) Let a gPI ~ Then if ($I) E 8, tdze paralleel tr~~nsla~~oion 
T, of 9 is given by T&~/J> = (a$> with identi$cations as in Section 3. 
(ii) Suppose A, p E r. Thelz h and p haae the same restriction to 
S, 6- 3a E gd such that ha = p (with gd being identijed as the s~bg~o~~ of fll 
of order d), where Aa( = A(T,($)) = h((atj)) (cuff 44.3)). 
Pzooj. (i) In the notation of [3, Section 5.11 we have 
(ii) From [3, Theorem 71 if h and p have the same restriction to Sd, 
they have the same restriction to SL(n, q) and so 301 E I’, such that A” = p. 
it can be shown, as in [3, Section 5.21, that for x E 6, P(x) = h(x) ol(det x), 
where h is regarded as a character of G and det x EP~; = Z is the determinant 
of x. Further S, = (x E G 1 det x E Z,}, and Z, consists of the dth powers in 
Z, so that Xe and X have the same restriction to Sd -+ LX jz, = 1, i.e., ad = I, 
or aE2,. 
COROLLARY 5.2’. Suppose .Zd < PI acts on -I accorikg to the YE& 
h”(g) = h(x . g), where if (a+!~> = g e 29, x ‘g = (.a$). Then the space %?,(S,) 
has a basis parametrized by the set of zd,-equivaleence classes I? 11 zd iti T. Denote 
the i?d-class of h E P by [AJd . 
EFINITIQX. Define the map 8: r + PI by 
g(g)lw, where for g E gj 
8(g) is the product of the elements ofg. 
THEOREM 5.4. Let X E F be an irreducible character of G = GL(n, q). 
Then the restriction of h to the center Z of G is a multiple oj the character 8(A) 
Prpi4oof Suppose X is concentrated on the simplexes (h), (z&),..~~ (&.), 
and write A(&) = hi . Then in the notation of [3, Section 31, the character 
defined by X is a constituent of (J<*~)J<~I) ... j<*t))*G = J, where J(**) 
occurs 1 Xi / times, and the interior of the bracket is a discrete series character 
of the radical of an appropriate parabolic subgroup of G (see [3, Section 3.5]). 
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By Mackey’s formula, J Iz is a multiple of (J<$l> ... J(ok)) /a . But Lemma 3.2 
shows that this restriction is a multiple of 
where di = degree (&); this is simply 8(X). 
COROLLARY 5.4’. Let X E l7 Then h has identity restriction to Z,+ 8(X) E zd. 
Proof. From Theorem 5.4, h has identity restriction to 2, o 8(h) = 1 
on Z,. But Z, consists of the dth powers in Z and so 8(X) = 1 on 
Z, -+ 8(A)d = 1, i.e., 8(h) E Zd. 
PROPOSITION 5.5. A basis fey U,(P,), the space of G-class functions on Pd , 
is parametrized by 
Proof. This is immediate from Proposition 5.1 and Corollaries 5.2 
and 5.4’. 
6. PROOF OF THEOREM A 
Let X: K -+ R be a fixed isomorphism. Then X defines a l-l corre- 
spondence between irreducible polynomials and simplexes of degree I < n 
over GF(q) (see definitions Section 3), which we also denote by X: 9 -+ 9. 
Finally, X defines a l-l correspondence between @ and r by taking ;\ E r 
to the function X(X) E @, where 
-w)(f) = XX(f)). 
The proof of Theorem A consists of observing that the map X: r + 0 is 
compatible with the processes we used to define @(e) and r(d). 
The groups Z, and Zd are subgroups of Fl and PI , respectively and so 
X: K + l? gives an isomorphism X: Z, -+ Zd . Let D be an abstract cyclic 
group of order d( / (q - 1)) and regard @ as a D-space by taking a fixed 
isomorphism 7: D -+ Z, , and using the Z,-action on @ (see 4.3). Then r is 
made a D-space by taking the isomorphism X o 7: D -+ Zd and using the 
Zd-action on r (see 5.2'). 
LEMMA 6.1. With notation as above, the map X: r --+ @ is a D-map 
(i.e., commutes with the action of D). 
ISOGENOUS GROUPS 285 
I%x$ We have, for 2 = Xx (z E Z,), that far any f g F”, 
X(X”)(/) = P(Xf) = X(SXf) = X(X($)) 
= ~@Nf)~ which is the assertion of the lemma. 
COROLLARY 6.1’. X defiples a I-B correspondence between the orbit spaces 
.l-/p?@d@,lZ,. 
LEMMA 6.2. We have the following commutative diqam 
F~oof. This is clear from the definitions of 6 and 8, since each invoives 
only multiplication in K or .i?, which is preserved by X. 
COROLLARY 6.2’. X defines a l-l correspondence between Qze sets 
Proofs Corollary 6. I’ asserts that X defines a 2-l correspondence between 
r // Zd and @ // Z, . Further, under X-r, Zd is carried isomorphically onto 
Z 
suddset 
ence by Lemma 6.2, 8(h) E Zd + 8(X(h)) E Zd . Hence X maps the 
r(d) of I’ i/Z, onto Q(d) C @ 11 Z, . 
Proojof Theorem A. In Propositions 4.4 and 5.5 we have parametrizations 
of two sets which both have cardinality equal to the number of G-orbits 
on Pd. This number is therefore equal to j Q(e)] = / T(d)!, and by 
Corollary 6.2’ / T(d)1 = / Q(d)/. Silence if de = q - 1, we have 
i.e., the number of G-orbits on P, is the same as the number of G-orbits 
on P, . 
Corollary A’ follows trivially, the groups isogenous to SL(n, 4) being certain 
of the P, . Duality for these coincides with our definition. 
Corollary A” comes from the application of Theorem A with d = I and 
e=“4”-1. 
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7. COMPLEMENTARY REMARKS 
7.1. It is possible to define a slightly more general notion of duality, 
and to prove the theorem corresponding to Theorem A in exactly the same 
way as above. Let Y be a fixed divisor of q - 1. Then for any divisor d of Y, 
we may define the groups Pd(y) = S,/Z,,, , of which the Pd are a special case. 
Then Pd(r) and P,(r) are dual if de = Y. 
THEOREM B. Let r 1 (q - 1) and suppose Pd(r) and P,(r) are dual. Then G 
has the same number of orbits on Pd(r) and P,(r). 
7.2. Corollary A’ suggests that the number of G-orbits might be 
isogeny-invariant, just as the order of the group of GF(q)-rational points. 
However it is not true that the number of G-orbits on Pd is independent of d, 
as the example n = 2, with 4 dividing q - 1, shows. Here the number of 
classes of PGL(n, q) is q + 2, while the number of G-orbits on P2 is q + 3 
(which of course is also the number of G-orbits on P(4--1),2 !). 
Thus Theorem A is essentially a result about duality, which makes it 
analogous to theorems on the structure of the groups of rational points of 
algebraic tori. 
7.3. To prove a general version of Corollary A’ for algebraic groups, 
it is necessary to construct an analogue for the “universal” group G. Work 
is proceeding on this problem in several centers at present. 
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